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1 Introduction to CDI

The Cooperative Distributed Inferencing (CDI) system is a unique advanced technology
enabling near-optimal and near real-time decision making on large-scale, heterogeneous
and distributed information with the use of rules. CDI integrates absolute, hard and soft
rules within complex knowledge-based decision support systems to achieve performance
goals while satisfying various requirements from natural or governing laws, policies, and
best practices.

The CDI system has a Distributed Architecture (DA), consisting of a network of Decision
Elements (DEs) that work together to resolve queries and identify Pareto efficient states.
The decision elements access shared information from both an Internal Heterogeneous
Database (IHDB) and External Knowledge Base (EKB). Each decision element solves a query
using optimal control theory, starting with a technique called analytic continualization -
transforming the query and rules into differential equations whose dependent variables
represent internal variables and parameters of the rules. The decision elements in the
architecture are synchronized via a Pareto multi-criteria optimization strategy.

CDI features a self-adapting and learning design. Since CDI converts the original query into
an optimal control problem, it can use feedback from the environment (e.g., external
sensors or internal knowledge updates from other DEs) to refine its internal model; the
Hamilton-Jacobi-Bellman equation will be updated to reflect new information and
automatically form soft rule-like constraints internally.

CDl is particularly applicable when the system has large-scale heterogeneous data, rules
from government compliances and/or business requirements, and the need to make near
real-time decisions. Healthcare and energy are two such applications.
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2.2 Notation

The following table is intended to summarize the notation that is used throughout the
document. This is a work-in-progress.

Current notation Recommended First Comments
notation occurrence
t same 6.2.2 Notation for algorithmic time.
q(t) same 15 Notation of canonical
coordinate vector for entire
system.

q same Notation of canonical
coordinate vector dropping
time dimension.

g same Notation ~ of  canonical
coordinate vector for specific
function f.

q same Notation of first time
derivative =~ of  canonical
coordinate vector, dq(t)/dt

q same Notation of second time
derivative =~ of  canonical
coordinate vector, d?q(t)/
dt?

h same Notation of HEAD of Horn
clause.

v(q) same Notation of generic
proposition.

o(q) same Notation of generic
proposition alternate to ¢.

T; same Notation of the TV of a soft

rule.
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7(q; ,0) same Generic equational form
relating two propositions.
¢(q) same Notation of the equational
form of ¢(q).
Po (@) same Notation for proposition
defined by the query.
Po(q) same Notation for equation defined
by the query.
J(@) same Notation for minimization
function for the query.
L same Notation for static Lagrangian
Ll(co’T) same Notation for total static
Lagrangian for DEj,.
q same
{p.} same
u® same
ngo) same Primary Hamiltonian for the
absolute rules for DE,.
H,EA) same Hamiltonian for the Tellegen
agent of the total
Hamiltonian’s rules.
HIET) same Total Hamiltonian for DE,.

2.3 Abbreviations
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Current First occurrence
abbreviation

CDI Cooperative Distributed Inferencing Section 1

DE Decision Element Section 1
IHDB Internal Heterogeneous Database Section 1
EKB External Knowledge Base Section 1
DA Distributed Architecture Section 1
REI Rule Entry Interface Section 6

RE Rule Editor Section 6

SII Sensor Ingestion Interface Section 6
RCE Rule Conversion Engine Section 6
QLI Query Language Interface Section 6
MFG Minimization Function Generator Section 6
QRE Query Response Engine Section 6
PMOE Pareto Multi-criteria Optimization Engine | Section 6
Oop Optimization Process Section 6.1
LER List of External Repositories Section 6.1
KC Knowledge Component Section 6.2.1
TV Truth Valuation Section 6.2.2
API Section 6.3
IE Inference Engine Section 6.8
PSE Programmable Search Engine Section 6.8
IRB Inference Rule Base Section 6.8
Ul User Interface Section 6.8
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NI Network Interface Section 6.8

VB Variable Buffer Section 6.8.2
ARB Active Rule Buffer Section 6.8.2
IP Inference Process Section 6.8.2
IR Inference Rules Section 6.8.5

3 Overview of the Document

This document introduces and specifies the architecture for the Cooperative Distributed
Inferencing (CDI) system. The primary instance of this is the Distributed Architecture (DA)
for resolving queries by accessing both an Internal Heterogeneous Database (IHDB)
populated by a special class of Horn Clause rules and external data sources referred to as
sensors.

The architecture implements a network of active devices at its nodes. Active devices may

be passive, generative, or both. These devices are called Decision Elements (DEs). The DEs
cooperate in the resolution of a query posed to one or several of them. The DEs in a given
DA are referred to as the team.

Every DE in a team is programmed to transform rules in its domain, determined by a posed
query, into an ordinary differential equation, whose dependent variables represent internal
variables and parameters. The dependent variables include unknowns of the query posed
to the DE. The DEs in the architecture are synchronized via a Pareto multi-criteria
optimization strategy.

This document reviews the components of the CDI system including:

e Application requirements that the system is designed to accommodate.

¢ Functional requirements that satisfy the application requirements and pertain
directly to the construction and operation of the system components.

e Subcomponents, which are necessary to implement the functional requirements.

e Limitations that highlight noteworthy constraints that are inherent to the specified
implementation of the architecture.

e Architectural flow describing key aspects of the architecture that indicate how the
system is to be constructed given the specified essence and key behavior of the
subcomponents.
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e Software realization of the architecture that describes the key pieces of software
necessary for system implementation.

e Data that describes the kinds of data the system is expected to accept as input and
produce as output.

e Data exchange protocols reference key data types and structures that need to be
exchanged across the system and the protocols for exchange.

e Environment describing the particulars of the environments that the system will be
able to operate in and therefore should be tested in.

e Testing that describes how the system should be tested given the data and operating
environments.

4 Application Requirements

The application requirements discussed in this architecture document articulate the salient
aspects of the architectural strategy, approach and design. Key reference documents are
listed.

The key areas of application requirements are:

e System specification that describes what the system should be able to do.
See Section 4.1.

e System operation that describes in what contexts the system should be able to
operate. See Section 4.2.

e System performance objectives that describes how well the system should perform in
the various contexts. See Section 4.3.
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4.1 Application requirements pertaining to system specification

411

4.1.2

4.1.3

414

4.15

Ability to integrate data that may include millions of variables and hundreds of thousands
of constraints

Ability to provide data integration over distributed network which assimilates and
integrates information over time across the network as needed

Ability to specify queries over a broad range of languages
Ability to specify queries of a broad range of complexity

Ability to provide best known response to queries at the local level

4.2 Application requirements pertaining to system operation

4.2.1

Ability to operate in a variety of environments including EC2, Azure, and local
deployments

4.3 Application requirements pertaining to system performance objectives

43.1

Ability to provide responses to queries at intervals as small as one millisecond

5 Functional Requirements
Functional requirements match the key application requirements and describe specifically
what the software should achieve.

6 Subcomponents

Subcomponents are fundamental parts of the architecture that perform particular roles.
This section contains descriptions of each of the subcomponents of the architecture. The
subcomponents are:

© N W

The Distributed Architecture (DA).

The Internal Heterogeneous Database (IHDB).
The Rule Entry Interface (REI).

The Rule Editor (RE).

The External Knowledge Base (EKB).

The Sensor Ingestion Interface (SII).

The Rule Conversion Engine (RCE).

The Decision Element (DE).
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9. The Query Language Interface (QLI).

10. The Minimization Function Generator (MFG).

11. The Query Response Engine (QRE).

12. The Pareto Multi-Criteria Optimization Engine (PMOE).

6.1 Distributed Architecture (DA)

The DA, illustrated in Figure 6.1-1, is a network of computing devices as its nodes called
DEs that interact and collaborate in the resolution of a query posed by one of them. The
DEs access data and information stored locally in the Internal Heterogeneous Database
(IHDB). The DEs also communicate over the network with sensors and an External
Knowledge Base (EKB) for real-time data and rules. The DEs implement a distributed,
dynamic optimization process, herein referred to as the optimization process (OP). The OP
implements an optimization process that computes an answer to the active queries as a
function of data stored in both the IHDBs and EKBs. These repositories of the data are
needed to implement the OP given a query.

Network

Decision
Element Sensors
Team

@ @ ) | ) @ ) | )

Internal

External

Heterogeneous

Database Knowledge Base

Fig. 6.1-1. Distributed Architecture.

The DA’s block diagram is shown in Fig. 6.1-1. The rest of the document is devoted to
describe the functional characteristics of this architecture and in particular, the DEs, IHDB,
and the sensors. In particular the document will address the following concepts:

1. The DA

2. Aprocess for resolving queries by accessing the [HDB and External Knowledge
Bases (EKBs) through sensors

3. The constitution of DEs

4. A query and corresponding rules transformation into an ordinary differential
equation
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5. The orchestration of a team of DEs through a Pareto multi-criteria optimization
strategy

Figure 6.1-2 illustrates how the DEs communicate over the network to get information
from a variety of knowledge sources (including sensors, information in a social network,
dictionary, Wikipedia, etc.), and also access their IHDBs to respond to a query.

Internal
Heterogeneous
Database

Decision Elements

External Query / External Answer

Network

Sample Knowledge
Sources

Fig. 6.1-2. Knowledge Bases.

A DE has a list of external repositories (LER). Each entry in an LER includes 1) a protocol, 2)
a heading sub-list, and 3) a translation grammar. Each protocol entry prescribes the access
procedure to the corresponding knowledge repository. Each heading sub-list entry
contains a summary of the knowledge contents of the corresponding repository. Finally,
each translation grammar entry provides a procedure for converting knowledge elements
of the corresponding repository into the rule representation in the IHDB of the DE. This
representation is discussed below.

The EKBEs, illustrated in Figure 6.1-2, are a collection of public or private repositories of
knowledge relevant to the DE posing a query.

6.2 The Internal Heterogeneous Database (IHDB)

6.2.1 Composition of IHDB as a set of knowledge components (KCs)
The IHDB encodes knowledge and data provided by the DEs regarding the implemented
application. The IHDB is divided into knowledge components (KCs). Each KC is consulted

Veritone Corporation



15

and updated by a DE in the DA. Any pair of KCs may have an overlapping set of rules by
which they operate, but there is no a priori constraint on intersections or inclusion. The
collection of KCs constitutes the existing knowledge of the system, and contributes to the
IHDB, as illustrated in Figure 6.2-1.

Network S LI 'S Network

Decision
Elements

Internal
Heterogeneous
Database

Fig. 6.2-1. Representation of Knowledge Components for Decision Elements across the Distributed Architecture.

6.2.2 Algorithmic formulation of a rule

A KC is a collection of rules, written in a restrictive Horn clause format. Horn clauses are
consistent with a Prolog-based representation. The format of a Horn clause is given in the
form of IF-THEN representation,

p1"p2 " P oD

where p;,i = 1,..., K and p are propositional variables that are either True or False (0 or
1). The rules are logic entities, that, when instantiated?, obtain a logic value. Typically, the
logic values a rule can obtain are binary, however, more generally, the logic values are
taken from the interval [0,1].

The entire system of rules is evaluated using variables and parameters that are collectively
referred to as the generalized coordinates (state) of the system and are indexed as follows

q@® ={qP©,....qV O}

(6.2-1)
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The time argument t refers to the algorithmic time of the system, which means thatitis a
continuous index with respect to the evolution of the system. There is no requirement that
it correspond to a physical aspect of the system, although this may naturally occur.
Physical time may be represented specifically by a canonical coordinate of choice g (t).
Alternatively, we may refer to the q’s without expressly stating the independent time
argument and write

q®) = {qW, ...,q™}.

(6.2-2)
Then we should also note that the time derivatives are denoted as
. dq(t) . d*q@)
dt '’ 1 dt?
(6.2-3)

These coordinates are referred to variously as g, depending on the context and the
expected arguments of the function to which they are applied. When it is necessary to
distinguish between more than one ¢ in equational form we generally write g where f
denotes the reference function or appropriate domain. Typically, we assume without loss of
generality the entire set of canonical coordinates q is an argument to any function, term or
proposition. In practice, we may further assume it is possible to apply the particular
required coordinates as need to mathematical construct in question.

The rules in each knowledge component are of three types: absolute rules, hard rules, and
soft rules. Absolute rules and hard rules take logic value 0 (false) or 1 (true) when
instantiated. Soft rules take any value in the interval [0,1].

The format of the restrictive Horn Clauses in the IHDB is illustrated in Fig. 6.2-2. A Horn
Clause is an object composed of two objects a HEAD and a BODY connected by backward
implication (). The logic implication transfers the logic value of the BODY to the HEAD. If
the rule is an absolute rule or a hard rule, the logic value is 1(if the BODY is logically true)
or 0 (if the BODY is logically false). If the rule is a soft rule, the logic value transferred by the
body is any number in [0, 1].

The HEAD is a data structure composed of two objects: A name, h, and a list of arguments
described by the argument vector q = (q(l), s q(N)). The list of arguments includes
variables and parameters. The variables take values in the domain of the rule and the
parameters are constants passed to the rule and unchanged by the instantiation of the rule.
The domain of the rule is a set of values that each of its variables can take. In general,
variables can take values over numerical or symbolic domains. As an example, a symbolic
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domain can be a list of diseases. A numeric domain can be a set of pairs of numbers
representing blood pressure.

For the applications of CDI, the domains for variables are: real numbers, complex numbers
(floating point and floating point complex numbers), integer numbers, binary numbers and
symbolic token on finite domains.

The BODY of a clause is a data structure composed of one or more terms, denoted ¢;(q).
The composition operation is extended-and, denoted by: A. The extended-and works as a
regular and in absolute rules and hard rules and as a functional product? on soft rules.

A rule with a head but not a body is called a fact. A fact’s truth value is determined on the
basis of the instantiation of its variables.

Horn Clause

hg) = o, (g)n .. rno,(q)

HEAD BODY
h(q) = o.(@)n - ~o,(q)
A
Name Arguments Term Term
h 9=(g----4,) oila) |2 9(9)
V
Subterm . e Subterm

Relation Truth Valuation

h(q) dg)relolg) 0,1},
[0, 1]

Fig. 6.2-2. Horn Clause (rule).
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Each term in the body of a rule is an extended disjunction (or denoted by V) of sub-terms.
The v operator behaves like the standard-or for absolute and hard rules and behaves in a
functional form, described later, when connecting sub-terms encoding heads of soft rules.

A sub-term is either the HEAD of arule, a relation or a truth valuation (TV). When itis a HEAD
it may have the same name as the one in the HEAD of the rule but with different arguments.
This provides a recursive mechanism for rule evaluation.

When a rule has a sub-term that is the head of another rule it is said that the two rules are
chained together by the corresponding sub-term. Note that a rule can be chained to several
rules via corresponding sub-terms.

6.2.3 Constraint domains

Constraint domains augment the BODY clause of Horn clauses to facilitate dynamic
programming. Constraints are specified as a relationship between terms. Define the
relationship between two terms

¢(q) rel a(q).
(6.2-4)
as a member of the following set
rel € {=, #, <, >, statistical propagation, symbolic}.
(6.2-5)

A relation can be of two types numeric or symbolic. Numeric relations establish equational
forms between two functional forms. (For the initial phase only polynomial and affine linear
functional forms will be considered.)

In general, an equational form is a set of one or more relations. For numeric relations,
p(q) rel a(q), rel € {=,#,<,>,<,>, statistical propagation}. Table 1 gives the relations
considered and their symbols.
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Numeric Relation Symbol Code Form
Equality = Q=0
Disequation * p\=o0
Less-inequality < p<o
Less-Equal < o =<o0
Great-inequality > Q>0
Great-Equal = p>=0

Table 6.2-1. Numeric Relations.

The adopted code forms are the ones used in constraint logic programming.

A symbolic relation can be of two types: inclusion and constraint. Inclusion relations are of
the form:

x € Set
(6.2-6)

where x is a variable or a parameter, € is the inclusion symbol and Set is a set of symbolic
forms or a set of numbers or a composite set of the form shown in Table 6.2-2.

Composite Set Symbol Code Form
Intersection N Set1/\Set2
Union U Set1\/Set2
Complement \ \Set

Table 6.2-2. Composite Sets

Constraint forms of the symbolic relational type may be one or a set of the forms presented
in Table 6.2-3. For numeric relations, ¢(q) rel a(q), rel € {=,#,c, >, &, 2}.

Symbolic Relation Symbol Code Form
Equal = p# =0
Not Equal * p#\=o0o
[s Contained c p#H <o
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Contains ) o# >0
[s Contained or Equal - o#H =<o
Contains or Equal 2 p# >=0

Table 6.2-3. Constraint forms

A TV is either a variable or a constant with values in the interval [0, 1]. The TV of a Horn
Clause that is an absolute rule or a hard rule can only take two values: 1 or 0. The TV when
instantiated is O or 1. If the TV for an absolute or hard rule is 1, the rule is said to be in
inactive state; if the TV is 0, the rule is said to be in active state.

The TV, T;, of a soft rule satisfies

0<T;<1.
(6.2-7)
If T; above satisfies,
T; = Ttnresnota
(6.2-8)
the soft clause is said to be in inactive state. If
Ti < Tthreshold'
(6.2-9)

the soft clause is said to be in active state, where Tipresnora 1S @ constant in [0,1] defined for
each soft clause. The default value is 0.5.

This concludes the description of the knowledge representation. The instantiation process
of the goal in a DE, as function of its knowledge base, is carried out by the inference engine
of the DE (see Fig. 6.8-2). This process is the central component of CDI and is described
later on the document.

6.2.4 Summary of terminology
The following table summarizes the terminology we have just reviewed.

Reference term Definition
Proposition Defined as a construct as in the
propositional calculus where the
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proposition takes on the value of true or
false.

Term Recursively according to its assigned sub-
term.
sub-term A sub-term may be a Horn clause, a relation

between two other sub-terms or an
extended truth valuation depending on the
context of absolute, hard or soft rules. In
the case of absolute and hard rules it may
be evaluated as a proposition. In the case
of soft rules it takes a value on the interval
[0,1] and is considered to be active or true
in the case that it exceeds its specific
threshold.

Horn clause

A disjunction of terms with at most one
positive term.

definite clause

A Horn clause with exactly one positive
term.

goal clause

A Horn clause with no positive terms.

Fact A definite clause with no negative terms.

Head The positive term of a definite clause.

inactive state The case when a rule will not apply for
constrained optimization.

active state The case when a rule will apply for

constrained optimization.

truth value, TV

The value that is used to determine
whether a rule is active or inactive.

Table 6.2-4
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6.2.5 Horn clause example
The following example illustrates a Horn clause:

has_fever(name, temperature, white_count, heartrate, blood_pressure)
< (temperature > 37)

A ((heartrate = 70) v bp(name, temperature, blood_pressure)

V wc(name, White_count))
(6.2-10)

The clause establishes under which conditions the patient of name name, has a fever. The
name of the rule is "has_fever", and the arguments are: name, temperature, white_count,
heartrate, and blood_pressure. Of these arguments, name is a parameter and the other
arguments (temperature, white_count, heartrate, blood_pressure) are variables in the
clause. The Body has two terms, ¢,(q) and ¢,(q), and the second term has three sub-
terms.

When the arguments are instantiated, they represent, respectively, the name of the patient,
current body temperature, white blood cell count, heart rate range, and blood pressure.

The clause body includes other clauses: bp (blood pressure) and wc (white count).

This completes the specification of the rule-based framework. The next step is to specify a
complete process for converting all rules of this form to a set of equations.

6.3 Rule Entry Interface (REI)
The Rule Entry Interface provides a mechanism for:

1. Providing an API for the entry of rules into the IHDB.
2. Validating the specification of rules to be inserted into the IHDB.
3. Routing the rules to the appropriate DEs for insertion to their respective KCs.

6.4 Rule Editor (RE)
The Rule Editor allows users to specify rules associated with the systems to be
interrogated.

6.5 External Knowledge Base (EKB)
Need to discuss the following:

e Isitdistributed?

e What is persisted?

e Where is it persisted?

e What is the relation to the IHDB? E.g. are they architecturally co-located?
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e Whatis a sensor? This is a broadly defined notion, but ultimately we will need to

specify some key instantiations.
e What does the bus look like?
e Should we have sensors collocated with DE’s in some cases?

6.6 Sensor Ingestion Interface (Sll)
TBD.

6.7 Rule Conversion Engine (RCE)
The rule conversion engine converts rules of the IHDB into equations.

6.7.1 Method for specification of a simple term as an equation
Consider the term ¢(q) with the following truth assignment,

T qeD,

Then we can define the set of arguments that yield positive truth assignment,

{q € Dylep(q) — T}

and define the corresponding equation ¢(q) of the term ¢(q) as

1 (@ <T

@ =, O

and then extend the range of ¢(q) to the closed unit interval

¢(q) = [0,1].

Revisiting the taxonomy of absolute, hard and soft rules, we recognize that soft rules

(terms in this example) can take values along the interval

0<¢(q =<1

(6.7-1)

(6.7-2)

(6.7-3)

(6.7-4)

(6.7-5)

whereas, absolute and hard rules should satisfy the additional constraint ¢(q) — {0,1}

P(@(1- (@) =0.
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(6.7-6)
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6.7.2 Conversion of the fundamental clauses of propositional calculus to equations
Define the following notation for the propositional calculus.

Symbol Function

A And

\% Or
= Implication
~ Not

3 Exists

v All

Statistical propagation

Table 6.7-1

Theorem 6.7.1. Given the method for the specification of equations from propositions, we
prove the following transformations.

Proposition Equation
~p(q) 1-¢(q)

p(@ Aa(q) AC)RAC)

(@) Va(q) ¢(@) +3d(q) —@(q)-d(q)

¢(q) = a(q) 1-¢(q) +¢(q)-d(q)
P1(@) A @2(@) A= A pi—1(q@) A p(q) L h(n—1,q)

= ¢(q) o) = S e L) —1
(tail recursive)

Table 6.7-2

6.7.2.1 Proof by enumeration for equational representation of negation

Define the function 7*(q; ¢, ) which represents the equation corresponding to negation
(~). Verify by enumeration the correspondence of the mathematical equation values
corresponding to the mapping T — 1and F — 0.
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®(q) ~p(q) " p,0)=1-¢(q)
T F 0=1-1
F T 1=1-0
Table 6.7-3

6.7.2.2 Proof by enumeration for equational representation of conjunction

Define the function 7*(q; ¢, 0) which represents the equation corresponding to conjunction
(A). Verify by enumeration the correspondence of the mathematical equation values
corresponding to the mapping T — 1and F — 0.

»(q) A a(q) (g 9,0) = ¢(q) - 5(q)
T T T 1=1-1
T F F 0=1-0
F F T 0=0-1
F F F 0=0-0
Table 6.7-4

6.7.2.3 Proof by enumeration for equational representation of disjunction

Define the function 7(q; ¢, 0) which represents the equation corresponding to disjunction
(V). Verify by enumeration the correspondence of the mathematical equation values
corresponding to the mapping T — 1and F — 0.

»(q) v o(q) (g ¢,0) = 9(q) +3(q) — p(q) - 5(q)
T T T 1=1+1-1-1
T T F 1=14+0-1-0
F T T 1=0+1-0-1
F F F 0=040-0-0
Table 6.7-5

6.7.2.4 Proof by enumeration for equational representation of implication
Define the function 7*(q; ¢, 0) which represents the equation corresponding to disjunction
(=). First note the equivalence of

©(q) = a(q) and ~p(q) V a(q).
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(6.7-7)
Verify by enumeration the correspondence of the mathematical equation values
corresponding to the mapping T — 1and F — 0.
¢(q) ~¢(q) v a(q) (g 9,0) =1-¢(q) +¢(q) - (q)

T F T T 1=1-1+1-1

T F F F 0=1-1+1-0

F T T T 1=1-0+0-1

F T T F 1=1-0+0-0
Table 6.7-6
6.7.2.5 Proof for equational representation of tail recursion
Tail recursion is propositionally defined as

(@) = o1(@) A 2(@) Ao A pr—1(q) A p(q)
(6.7-8)

where g represents the current state and the subscript k indicates the kth rule. To develop
an equational representation of the recursive formulation, first define the general function
@(n, q) where n represents the nth iteration of the tail recursion and @(n, q) is the logical
consequent. Then rewrite the above formulation using the recursive step, where the kth
rule is instantiated for the nth time,

@1(77" q) A @2(”’: q) A A (ﬁk—l(n' Q) A (ﬁ(n -1, Q) = (ﬁ(n' q)

(6.7-9)
Define
6(n,q) = 1 () AP(n, @) A+ A Pr_1(n, q)
fin—1,9) =dn,g) Ag(n—1,q)
(6.7-10)
Then the tail recursion is rewritable as
g Adn—1,q9) = ¢(n,q)
fn—1,q9) = @(n,q).
(6.7-11)
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According to the equational representation of implication, let

E(n -1, Q) =1- g(n’ Q) ) (z(n -1, Q) + g(n' Q) ) (5(7’1 -1, Q) ) (5(71; CI)

(6.7-12)
Since by definition #(n — 1,q) = &(n,q) - $(n — 1, q). Then
. _hn-1,9)+8(nq) $(n—-1,9) -1
(p(n' q) - = =
o(n,q) o(n—-1,q)
(6.7-13)

with boundary condition n = 0.

6.7.3 Converting rules based system of inference to the problem of constrained minimization
TBD

6.7.3.1 Converting rules to constraints
The preceding discussion has established an algorithm for converting rules of the form

h(q) <= ©1(q) N2 (@) A+ A pp(q)
(6.7-14)

to constraints of the form

h(q) = $:1(@)* $2(@) + -+ Pm(@).
(6.7-15)

6.8 Decision Element (DE)
A diagram of the Decision Element (DE) architecture is shown in Figure 6.8-1. It is
composed of seven elements:

List of external repositories (LER)
Programmable search engine (PSE)
Internal heterogeneous database (IHDB)
Inference engine (IE)

Inference rule base (IRB)

API / user interface (UI)

Network interface (NI)

NSk W e

A functional description of these elements follows. In Figure 6.8-1, the IRB is internal to the
DE, whereas the [HBD is external to the DE but accessible (as shown in Figure 6.1-1).
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Network

A

4

Y

Programmable Search Engine < 1 g Inference Engine <

A A

A 4

| Language rules

API / User Interface

| Equation rules

Internal | Search rules | Network rules

Heterogeneous
Database | Adaptation rules

| Optimizer rules| | Pattern rules |

| Hybridization rules

Fig. 6.8-2. Decision Element Architecture.

6.8.1 List of External Repositories (LER)

A DE has a List of External Repositories (LER). Each entry in an LER includes 1) a protocol,
2) a heading sub-list, and 3) a translation grammar. Each protocol entry prescribes the
access procedure to the corresponding external knowledge repository. Each heading sub-
list entry contains a summary of the knowledge contents of the corresponding repository.
Finally, each translation grammar entry provides a procedure for converting knowledge
elements of the corresponding repository in to the rule representation in the IHDB of the
DE.

6.8.2 Programmable search engine (PSE)

The programmable search engine implements a standard hashing algorithm for detecting
active rules as a function of the current instantiation of the variables in a variable buffer
(VB) of the IE, and the contents of the active rule buffer (ARB). The VB contains the
variables that form part of the query and all additional variables incorporated to this buffer
during the inference process (IP). The VB includes all relevant data from the EKB beneficial
to perform the query. The IP is described below. The ARB contains all the rules that are
currently active in the IP. See the CDI Implementation Document for more description of
the PSE.

The search hashing algorithm is characterized by the search rules in the Inference Rule
Base (see Figure 6.8-1).

Veritone Corporation



6.8.3

30

Internal heterogeneous database (IHDB)

The IHDB is the repository of the application clauses associated with the DE. These encode
the domain of knowledge characterizing the expertise of the DE. For example in a medical
application, a decision element may deal with expertise on heart illnesses, and the
corresponding clauses might encode diagnoses and treatments for these diseases.

6.8.4

Inference engine (IE)

The IE encodes an algorithm, the IP, for assigning values to the variables appearing in the
query. The IP is summarized in the block diagram of Fig. 6.8-3.

Select active rules of

Use inverse

Internal the system including Convert active rules . . " . variational method
N N Create static Construct equations Construct differential
heterogeneous all absolute and hard —»  to equations via > - O T of Hemholtz to
database (IHDB) and soft rules continualization srang d compute total
according to query Lagrangian
A K T
Eliminate gauge 5 Determine rank of
Gauges Search for gauges in N .
Inference controller related rules from €—Yes A Hessian for dynamic
. found? total Lagrangian N
active rule set Lagrangian
A
No
v

Sensor data
Inference rules
Equation rules
Optimizer rules

Search rules

Adaptation rules

Pattern rules

Network rules
Hybridization rules

Submit
query

/ Generate
Goal

Correction potential

Adaptation

Failure potential

Compute Error

A

Create total
Hamiltonian via
Legendre
transformation

v

Generate combined
Hamiltonian via
Nambu bracket

v

Generate equations
of motion from
combined
Hamiltonian

v

| Return query result |«

Output
\

Fig. 6.8-3. Inference Process

Veritone Corporation

Solve for query by
determining the
optimal trajectory
through the phase
space




31

6.8.5 Inference rule types

The DE incorporates inference rules (IR) that are a collection of rules for transforming and
inferring instantiations of the goal. These rules provide the Inference Engine with
directives for processing database rules to give a satisfactory instantiation to a given query
or to request additional information so that a satisfactory instantiation can be generated.
They are shown in Fig. 6.8-3 in the IRB, and are organized according to their functionality,
as follows.

6.8.5.1 Equation rules
These rules include the formal rules for inference. This includes all rules for natural
language modeling from first principles.

6.8.5.2 Optimizer rules
These rules include rules for finding the interior point in optimization.

6.8.5.3 Search rules

These rules include rules for identifying the nature of insufficient potential. The goal is to
apply these rules to acquire additional information required to satisfy the optimization
goal.

6.8.5.4 Adaptation rules

Adaptation rules are used to update the soft rules to relax them further to reduce the
complexity and constraints of the optimization problem. The adaptation also serves to
update the search rules to improve information acquisition.

6.8.5.5 Language rules and Pattern rules
These rules embody the machine learning models.

6.8.5.6 Network rules
These rules define how information is distributed over the network and what information
is available from which resources.

6.8.5.7 Hybridization rules
The rules define how other rules may be combined.

6.8.6 User interface (Ul)
The Ul provides the utilities for entering queries, pragma rules, displaying query answers,
status and for general interaction with the IE.
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6.8.7 Network interface (NI)

The NI provides a generic mechanism for interacting with other DEs via a procedure
termed companionship. The companionship procedure implements the active coupling for
the cooperation of the DEs in query resolution. This procedure is not hierarchical and
implements a Pareto Agreement set strategy as the mechanism for CDL.
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6.9 Query Language Interface (QLI)

Once a query is submitted (see the CDI Implementation Document), it is transformed into
equational form, instantiated with the active rules, and a Hamiltonian is created for use in
the optimization. The action is denoted M(t), and its time derivative is denoted M(t).

Active rules,
® (k)

Submitted query,
Pq (@)

‘ Continualize query and rules ‘

active rules, ¢

Continualized Continualized
query, ¢o(q)

4 N

Create static Lagrangian from
continualized query and active rules

L(q; P, ¢, )

Compute ¢(t) and M(t)

p
q(t)

Formulate G(§,q,q) = | g(¢t)

L M(t)

Determine solutions to the second order
differential equations G;

Determine rank of Hessian of
L(q; $o. ¢®, w)

Determine Hamiltonian H(p, q) from
L(q; Po. p®, ) via Legendre
transformation

Fig. 6.9-1. Process for developing Hamiltonian from a query and a set of active rules.
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6.10 Minimization Function Generator (MFG) and Process for Determining Active
Constraints
The minimization function generator converts a query to a minimization function. Again,
we assume without loss of generality the entire set of canonical coordinates g is an
argument to any proposition ¢;. In practice, we may further assume it is possible to apply
the particular required coordinates as need to the proposition or function in question.
Then let ¢ ®be the set of propositions associated with DE|, in the context of query Q.
These propositions are composed of the proposition associated with the query ¢,(q), and
other propositions ¢;(q), comprising the constraints of the system. The proposition
®o(q) associated with a given query Q can be converted to an equation ¢, (q). Queries that
are satisfiable specify a set.

{q|lpo(q) — T}
(6.10-1)

Similarly, a satisfied query represented as an equation is also a set

{a|@e(@) = 1}.
(6.10-2)
Relaxing the values that ¢, (-) can take to include the unit interval so that soft rules are

incorporated yields the following constrained optimization expression. Let /(q) =

((/V)Q (@) — 1)2 be the quadratic criterion that favors a value close to one (representing
truth). Then the optimization problem is specified as,

min J(q)
q
(6.10-3)
subject to:
1 @golg) =1
2. ¢olg) =0

3. A knowledge base on the set {¢;(q), ..., $n(q), ..., Pn+s(@)} S ¢ which represents
a further set of active constraints specific to the problem:
a. ¢i(q)=0forl1<i<n,
b. @;(q) < 1or, equivalently —(¢;(q) —1) =0for1 <i <n,

Veritone Corporation



35

and, in the case of absolute and hard rules,

C.
1@ —¢g(@))=0forn<l<n+s.

Introduce the indicator functions

(6.10-4)

and
V+ —

Pi

{0 1-¢i(@) =0
o 1-¢(q)<0

(6.10-5)

which yields the two logarithmic barrier functions

Vs, = —log(¢:())
(6.10-6)

and
Vg = —log(1 - ¢;i(q)).
(6.10-7)

According to the method of Lagrange multipliers, combine this with the equality

constraints to form the static Lagrangian function
&) (@ (@ )

(+) (+) ( ) = W
" wZn 'w2n+1'" w2n+s' w2n+s+1'w2n+s+2

L (q;qv)Q,qV)(k) Wy, Wy 1
A <
= Fo(a) + Z[w(”w + 05V + Z 0P @(1 - $1@)

2y sealog (<p (@) = W§ss2 108 (1 - $o(@))

— Wonts+1
(6.10-8)

the roots of which can be found using a formulation of Newton-Raphson. Since £ here
includes absolute, hard and soft rules we may call it the total static Lagrangian for DE}, and

refer to it as L,((T).
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6.11 Construct equations of motion
In a separate document

6.12 Query Response Engine (QRE) which includes Process for Constructing Differential
Equations

6.12.1 Application of Newton-Raphson
Consider a continuous analog of the independent variables of L(+)

q ()

q=q@)=|
q™(t)

(6.12-1)

where each of the v total independent variables of L(-) is mapped to its corresponding
position in g(t), the column vector that is represented with a lower-case q. To reiterate, the
independent variable t refers algorithmic time as opposed to physical time which may
also be represented in the system. The corresponding unconstrained optimization goal can
be written as

min £ (q(l) @®),...,q@ (t))

q1,--qv
(6.12-2)
so that VL(q)
0L
aq(l) VLl
ve(g®)=| : |[=] ¢ [=0,
0L VL,
aq(v)
(6.12-3)
with positive definite Hessian matrix
0L 0L
dgWaq® aqgaq™ VL, - VL
viL(q(t)) = : s = : =~ i [=>0
0L 0L VL - VL,
9¢™aqg® " 9q®aq®
(6.12-4)

Write the recursion for Newton’s method
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e (® = 400® ~ (V£ (a0 ®)) 72 (g0 ®).

(6.12-5)
This is equivalently rewritten
qie+n (@) — quo (@) B 1( ) )_1
5 =—5\V£ (q(k)(t)) VL (q(k)(t))-
(6.12-6)
Via continualization we approximate the derivative
: dq(t) -1
40 =—==—(vL(a®)) VL(a®).
(6.12-7)

6.12.2 Translation of inverted matrix
Consider M, an invertible and positive definite matrix. Then we make the following
provable assertions.

1. AT A is symmetric.
2. —ATA has negative eigenvalues.

Define

dM(t
di ) = —ATAM(t) + AT

(6.12-8)

-1
Thenast - oo, M(t) > A™1 = V2L (q(k)(t)) . Using (6.12-3 ) and ( 6.12-4 ) approximate

q(t) by rewriting the derivative in the context of M(t). This yields the following two
equations.

Mmyy -0 Mgy VL my,VLy + - +my,VL,
q(t) = —M®)VL(q(®)) =[ : | = :
My -+ Myl IVL, m, VL + - +m,, VL,
(6.12-9)
dM (t) T T
——=—(v£(a®)) (vL(a®))M© + (v£(a®))
VLll VLVl VLll Vle m11 mlv V‘Cll VLvl
=—] : : : : ) N : :
VL o VLIIVL, - VLI IMyy o My VL, - VL,
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Vﬁfl + b + VL-lz;l

VL11VL1U + + VLU1Vva
VL VL,

+

VL, VL,,
(VLY + -+ VLG IMyy + -
+(VL11VL1U + + VLV1Vva)mv1

+VLy

(VL:llVle + + VLV1Vva)m11 +
+(VLZ, + -+ VL )My,
+VL,,

Vmy, Vmy,

Vm,, Vm,,

The approximation proceeds as follows:

1. FixM(0) = V2£(q(0)) and = V2£(q(1)).

V£11VL1-U + + VL-‘;1VLVV

VLZ, + -+ VLE,

myq

my

(VL + -+ VL My + -
+(VL11VL1-D + + V/.:le/.:w)mw
+VL,,

(VLIIVLIU + + VLMVLW)mlv +
+(VLZ, + -+ VL )M,
+VL,,

(6.12-10)

2. Use the variation of constants formula to solve

M(T) = e‘[VZL(CI(T))]ZtM(O) + [fTe‘[Vzﬁ(q(T))]z(T—T) dr Vzﬁ(q(T))
0

applying the Magnus expansion to compute the integral.

The following figure documents the flow of computation.

V2L symbolically.

Initialize q,, k = 0 and express the Hessian A(q) =

Evaluate the Hessian at q,: Ax = A(qy) = V2L(qy).

forlarget = T. M(t) = A"

If||A, — Ax—1ll = €, solve M(t) = —(A,)>M(t) + Ay

tk+1<—tk+T
k—k+1

!
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Integrate §(t) = —Gain - M(T)VL(q(t)) from t;, to
t, + T with initial condition q,. Set q;,1 = q(t; + 1)

Continue?

Stop

6.12.3 Process for determining dynamic Lagrangian via Hemholtz equations

Given

6@ 4,0 = ) Wey(@,0) @ iP + K@) =0 j=1,..n

j=1

If the three conditions

aG;

0GWw

aG;

agWw

9G;

g

withi,j = 1, ...,n hold, then

n
Z aq(l)aq(J) q

(6.12-11)
_ 96
0G®’
G, _d (3G, . 9G
+ —N —_ — —_— + -
9g® ~ dt\agD ' 9§® )’
9G; 1d (96, 9G;
ag® ~ 2dt\ag® 9g®)
(6.12-12)
9%L oL ; -
aq(j)aq(i) - aq(i) =Gy i=1,..,n
(6.12-13)

This is a second order, linear hyperbolic differential equation on the Lagrangian L. It can be
solved efficiently by the method of characteristics.

Let
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[q(t)
G(4,q,9) =|q®)
M (¢)

- g®

q('v)

m11VL1 + + mlvVL,,

mv1VL1 + + mvaLv
- an

Vm,,

\%o

Vm,,,
(6.12-14)

6.12.4 Process for determining Hessian rank of dynamic Lagrangian
TBD

6.12.5 Converting the Lagrangian to the Hamiltonian via the Legendre transformation.
In our formulation the Lagrangian, LECT) (q, q; w), may be converted to the Hamiltonian using

the Legendre transformation, so that

() oL’
Hy (g, p;w) = g 47 L (q,q; w)
=p7q - 13 (q,4; )
(6.12-15)
6.13 Pareto Multi-Criteria Optimization Engine (PMOE)
Consider the problem of determining the relaxed Pareto optimal solution to a given system

query at a given time step. There are N decision elements, k = 1, ..., N. A given decision
element, DE, has the following associated parameters which are constituent to the ARB:

e A generalized set of coordinates relevant to DEy, q.

e A generalized set of linearly independent momenta {p,} where the index a refers the
linearly independent momenta selected from the canonical set p.

e A set of control parameters w for hard a soft rules of the system, where 0 < w; < 1.

The ARB has the following components which determine the constraints of DE},:
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e The Hamiltonian which identifies the fundamental dynamics of the system of the
system for the k’th decision element denoted

H(q, (pa)).

(6.13-1)
e The summation of the first class constraints of the system, which is
Z wifi (Cl(i), wi)
i
(6.13-2)
e The summation of the second class constraints of the system which is
Z gi(q(i): wi)
i
(6.13-3)

e The Tellegen agent which is a function of the Hamiltonians of the absolute rules of the
other N — 1 decision elements in the system

@) _ g (@ @ @
H® = FO(H®, . HD 1Y, D)

(6.13-4)

e The total Hamiltonian of the system is denoted H™,

e Approximations to the various Hamiltonian’s are denoted 7", H™ and A’ for the
Tellegen, total, and DE-level Hamiltonians respectively.

6.13.1 System initialization
Determining the relaxed Pareto optimal point of the system is a process which includes:

1. Initialization of N decision elements.
2. Synchronization through companionship of each of the N decision elements with its
respective Tellegen agent.

Veritone Corporation



42

Decision element k Aggregator Network

H"(q, (pa); ®) Receive H"(q, {(po}; w),
i=1..,K,i+k

Compute H™ (g, {pa}; w)

Primary Hamiltonian
H (g, (o))

Active rule buffer

First class constraints

Z w;f; (q(i)'wi)

Broadcaster
Distribute H,ET) (q,{p.}; )

Second class constraints

Zgi(q(i)'wi)
i

N N
-

Fig. 6.13-1 shows the information components of the DE that are constituent to updating
and being updated by the network at initialization.
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Decision element k
H(q,{pa}; )

Primary Hamiltonian
H (g, (o))

Active rule buffer

Aggregator

Receive H" (g, {pa}; w),
i=1,..,K,i+k
Compute H™ (g, {pa}; w)

Network

| |
e :
: First class constraints i
: ] ' Broadcaster
| Z wifi(a¥, ) | ()
i L : ! Distribute H,, *(q, {pa}; w)
| |
| |
i Second class constraints i
| ) |
| > gi(a®.w) |
AN ‘ |
o !
Fig. 6.13-1

6.13.2 System operation
Fig. 6.13-2 shows how decision elements interact with the network, receive queries, and

return results. In this example, the distributed system effectively implements an abstract
classifier that has no real implementation. The DE’s receive sensor data from the network

which includes new available information which may benefit classification. The user
submits a query that is received by a DE which then returns a result.
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e

| 0

Submit Query Obtain Result
[ Network }
Companion Companion Companion
element, element, . element,
7 (4) ij(4) 7y (A)
H; H, Hy
Sensor Data Query  Sensor Data Query Sensor Data Query
Submit Query Result Submit Query Result Submit Query Result
Decision Decision Decision
element, element, element,

DE, A7 i, AP DE AT

Knowledge Knowledge Knowledge
component, component, component,
KC, KC, KCy

Abstract Aggregate rules
classifier database

Fig. 6.13-2

Fig. 6.13-3 represents the iterative process of updating the Hamiltonian associated with

DE,.
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| Decision Element k

Decision Element k receives
arguments from network

{a}.{p, }.{u}

v

Aggregator formulates
Tellegen agent

H M (at (e, b {u))

v

Update k'th agent

H (™ o)) o ™))

v

Broadcast updated
parameters for k'th agent

Repeat

Fig. 6.13-3

6.14 Gauge Systems in a Hamiltonian Domain
The time integral of the Lagrangian L(q, ¢) is the action S; defined as

2
5, = f L(q, @)dt
t

1

. _ d . . . . .
where g = %t). The Lagrangian conditions for stationarity are first that

2z Lam — Lgmw =0
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oL
wheren=1, ...,N, Lq(n) = 550 and Lq(n) =

JL

34" And, secondarily

N
.. (n! _ — g
[Z q( )] Lq(n)q(n) = Lq(n) q Lq(n)q(n)
n

T—1

(6.14-2)
here §(*) = 1% 44 L =2t Tp lized accelerations G
where § =—z—and L,;,m = 2 e generalized accelerations §'" are
immediately determined if L PN is invertible, or equivalently
det (Lq(n)q(n)) #=0
(6.14-3)
fori =1, .. ,N. If for some n, det (Lq(n)q(n)) = 0, the acceleration vector ('j(") will not be

uniquely determined.
The departing point for the Hamiltonian approach is the definition of conjugate momentum
Pn = Ly
(6.14-4)
wheren =1, ... ,N. We will see that ( 6.14-3 ) is the condition of non-invertibility of
Liwgw - Lywam

Lyq =

Lywgw - Lyangmw

of the velocities of the functions of the coordinates ¢ and momenta p. In other words, in
this case, the momenta defined in ( 6.14-4 ) are not all independent. Define the relations
that follow from ( 6.14-4 ) as

¢m(q,p)
(6.14-5)

wherem =1, ... ,M. Write ( 6.14-4 ) in vector notation as

Then compatibility demands

Pm (q.Lq(q, Q)) =0
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is an identity withm =1, ... , M.

Relations specified in ( 6.14-5) are called primary constraints. For simplicity let’s assume
that rank(qu) is constant throughout the phase space, (g, @), so that ( 6.14-5 ) defines a

submanifold smoothly embedded in the phase space. This manifold is known as the
primary constraint surface.

Let
rank(qu) =N-M
(6.14-6)

Then there are M’ independent constraints among ( 6.14-5 ) and the primary constraint
surface is a phase space submanifold of dimension 2N — M'.

We do not assume that all the constraints are linearly independent so that
M <M.
(6.14-7)

It follows from ( 6.14-5 ) that the inverse transformation from the p’s to the q’s is
multivalued. That is, given g, p that satisfies ( 6.14-5 ), the inverse image (g, q) that

q

is not unique, since ( 6.14-8 ) defines a map from a 2N-dimensional manifold (g, ¢) to the
smaller (2N — M')-dimensional manifold. Thus the inverse image of the points of ( 6.14-5)
form a manifold of dimension M.

(6.14-8)

6.14.1 Conditions on the Constraint Function
There exist many equivalent ways to represent a given surface by means of equations of the
form of ( 6.14-5). For example the surface p; = 0 can be represented equivalently by pZ = 0,

JIp1l = 0, or redundantly by p; = 0 and p? = 0. To use the Hamiltonian formalism, it is
necessary to impose some restrictions which the regularity conditions for the constraints.

6.14.1.1 Regularity Conditions
1. The (2N — M')-dimensional constraint surface ¢,,(q, p) should be covered of open
region: in each region the constraints can be split into independent constraints

{pilm' =1,..,M'}.
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Their Jacobian matrix

09, . _0¢
0 | |0 Opng™
{apn,q(”)}_ 0b, 0,

op1,q 0pn,

withm’' =1,..,M"andn =1,...,N,is of rank M.

The dependent constraints ¢,,, m = M’ + 1, ..., M of the other ¢, = 0 = ¢,, = 0.
Alternatively the condition on the Jacobian.

2. The function ¢,,r can be taken locally as the first M’ coordinates of a new regular
system in the vicinity of the constraint surface or the differentials d¢;, ... ,d¢,, are
locally linearly independent:

dpy A ... Addyyr # 0
(6.14-9)

3. The variations §¢,, are of order € for arbitrary variations 5qWD, 8p; of order € (Dirac’s
approach).

Theorem 6.14.1. If a smooth, phase space function G vanishes on {¢,, = 0} then

M
G = z g(m)d)m

m=1
(6.14-10)

Proof: (local proof). Set ¢,,,;, m' =1, ..., M’ as coordinates (y,,,’, xo) withy,» = ¢,,,». In
these coordinates G(0,x) = 0 and

1
d
Gy, %) = f 2 Gy, )t
, dt

M’ 15
=y ym,J Gy, 0)dt
— 0 aym’
m'=1
M’
- Z 9™y, ) P (v, %)
m'=1

with
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1

' d
90 =] 5

0 m

G(ty,x)dt.

!
(6.14-11)

Theorem 6.14.2. If the sum ¥ (A™8q™ + 1,,6p,,) = 0 for arbitrary variations §q, &p;
tangent to the constraint surface {¢,,(q,p) = 0|lm = 1, ..., M}, then

o .0
2 = Z 2™ ¢’(m)
n
m=1 aq
(6.14-12)
M a¢
— (m) m
nuTl Z u apn
m=1
(6.14-13)

Proof. The dimension of {¢,,}is 2N — M'. Thus the variations at a point (p, q) forms a
2N — M' dimensional space

N
> (A™8q™ + ppy) = 0

n=1

(6.14-14)

By the singularity assumption, there exists exactly M’ solutions to ( 6.14-14 ). Clearly, the

gradients {ngg} and {aa(p m’

6.14-14).

} are linearly independent. They are the basis for solutions to (

Pn

Note that in the presence of redundant constraints, the functions u™ exist but are not
unique.

6.14.1.2 Canonical Hamiltonian
The Hamiltonian in canonical coordinates is

N

H(q,p) = Z ¢™p, — L(q,4)

n=1
(6.14-15)

The rate ¢ enters through the combination through conjugate momenta defined for each
coordinate
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(6.14-16)

This remarkable property is essential for the Hamiltonian approach. It is verified by
evaluating the change §H involved by arbitrary independent variations of position and
velocities.

N
SH = Z(q<n>5pn +8¢™p,) — 5L

n=1
N N

= Z(q(n)(gpn + 5q(n)pn) — Z (Lq(n)5q(") + Lq(n)5é[("))
n=1 n=1

(6.14-17)

Utilizing ( 6.14-16 ) in ( 6.14-17 ) yields

H =) (4™6p, — Lwdq™)

i

(6.14-18)

The Hamiltonian defined by ( 6.14-15 ) is not unique as a function of p, g. This can be
inferred from ( 6.14-18 ) by noticing that {6p,|n = 1, ..., N} are not all independent. They
are restricted to preserve the primary constraints ¢,,, = 0 which are identities when the p’s
are expressed as functions of g’s via ( 6.14-16 ).

Using the definition of the differential in several variables applied to H = §H({q™}, {p,}),
( 6.14-18) can be rewritten

or

(6.14-19)

From theorem 2 we then conclude for each n that.
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and

0pn — 0Pn
m=1
(6.14-20)
So for each n:
H ~ 9
gm =22 Zu(m)ﬂ, —1,..N
Opn 4= dpn
m=1
(6.14-21)
and
oL OH ~ 9
—T=T+Zu(m) ¢(m), n=1,...,N-
n n n
oq™  0q L4 0q
(6.14-22)
Note that if the constraints are independent, the vectors Zﬁzl%, m=1,..,M are also
n

independent because of the regularity conditions (this is proved later). Hence no two sets
of {uM|m = 1, ..., M} can yield the same velocities via ( 6.14-21).

Thus, using

0P
0pn

M
0H
4™ ===+ > uM(q, ) (4,000 D)
OPn

m=1

we can find u™ (p, ¢). If we define the transformation from (g, ¢) to the manifold
{pm(q,p) =0lm =1, ..,M}, fromq,q,u - q,p,u by

q:q, n:].,...,N
Pn = Ly (@@, n=1,..,N =M’
™ = 4™ q), m=1,..,M

We see that this transformation is invertible since one has from q,p,u = q,q,u

a=q
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M
g™ = oH | z um 26m
opn L dpn
m=1

$m(q,p) = 0
Thus invertibility of the Legendre transformation when
det(Lgg) = 0
can be regained at the prices of adding extra variables.

6.14.2 Action Principle of the Hamiltonian Form
With ( 6.14-21 ) and ( 6.14-22 ) we can rewrite ( 6.14-1 ) in the equivalent Hamiltonian
form

Opn &= Opy
M
p, = _OoH Z ) 9Pm
0pn 4= 0pn
m=1
¢m(qlp)=0 m = ) rMI

(6.14-23)

The Hamiltonian Equations ( 6.14-23 ) can be derived from the following variational
principle:

ty N M
5 [z q™p, — H — Z u(m)¢m] —0
tr Ip=1

m=1

(6.14-24)

for arbitrary variations of g™, §p,,, and su™ subject to
8q(t) = 8q(t;) =0

where the u(™ appear now as Lagrange multipliers enforcing the primary constraints
¢m(@p) =0, m=1,.. M.

Let F(p, @) be an arbitrary function of the canonical variables, then

dF ) )
2 aq(n) qu Z a pn
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= oF a_H+iu(m)% +ia_F _a_H_iu(m)ad)m]
£i0q™ |0py Lo Opn| 4&20pPn| Opn £ opy,
M
= [F,H]+ ) w™IF, ¢l
m=1

(6.14-25)

The equation ( 6.14-25 ) introduces the new binary operator [-,-] which is the Poisson
bracket and has the form

" G]_ZN:[ OF 9G  OF G
" &iloag™ap, - dp,og™
n=

N
= z [Fq(”)Gpn + Fpan(n)]

n=1
(6.14-26)

6.14.3 Secondary Constraints
The basic consistency condition is that the primary constraints be preserved in time. So for

F(p,q) = ¢m(q,p)
we should have that ¢,,, = 0. {¢,,(q, p) = 0}. So this means

MI

(b H1+ > u b, o] = 0

m'=1

(6.14-27)

This equation can either reduce to a relation independent of the u(m'), or, it may impose a
restriction on the u’s.

u=—{[pn, ¢m’]}[¢mr H](gq,p)

(6.14-28)

In the case ( 6.14-27 ) is independent of the u’s ( 6.14-27 ) is called a secondary constraint.
The fundamental difference of secondary constraints with respect to primary constraints is
that primary constraints is that primary constraints are the consequence of the definition (
6.14-8 ) while secondary constraints depend on the dynamics.

If X(q,p) = 0 is an external constraint, we most impose a compatibility condition
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MI
X HT+ ) uMX, gyl = 0
m=1

(6.14-29)
Next we need to test whether this constraint:
Ml
d(p,q) =X, H+ ) u™[X, ] =0
m=1
(6.14-30)
(6.14-31)

Implies new secondary constraints or whether it only restricts the u’s. After the process is
finished we are left with a number of secondary constraints which will be denoted by

¢r=0, k=M+1,...M+K

where K is the total number of secondary constraints. In general, it will be useful to denote
all the constraints (primary and secondary) in a uniform way as

¢;(qp)=0, j=1,..M+K=]

(6.14-32)
We make the same regularity assumptions on the full set of constraints.
6.14.4 Weak and Strong Equations
Equation ( 6.14-32 ) can be written as
;) =0
(6.14-33)

To emphasize, the quantity ¢; is numerically restricted to be zero but does not vanish
throughout the space. What this is means is that ¢; has non-zero Poisson brackets with the
canonical variables.

Let F, G be functions that coincide on the manifold {¢j ~ O|j =1,.. ,]} are said the be
weakly equal and denoted by F = G. On the other hand, an equation that holds throughout
the entire phase space and not just on the submanifold {d)j ~ 0} is called strong. Hence, by

theorem 1
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]
FxGeF-G =Zc(f)(p,q)¢j
j=1

(6.14-34)
6.14.5 Restrictions on the Lagrange Multipliers
Assume that we have found a complete set of constraints
{pj=0lj=1,...J}
(6.14-35)
M
[0 H] + D" u™l ) ¢l ~ 0
m=1
(6.14-36)
We consider ( 6.14-36 ) as a set of non-homogeneous linear equations with M < |
unknowns with coefficients that are functions of the g’s and p’s.
The general solution of ( 6.14-36 ) for each j is of the form
um =y L ym m=1,.,M
(6.14-37)
with V™ the solution of the homogeneous equation
M
Z ym [qu' qu] ~ 0
m=1
(6.14-38)

The most general solution of ( 6.14-38 ) is a linear combination of linearly independent

solutions of Va(m) where a = 1, ..., A with A < M. Under the assumption that the matrix
[d)l' ¢1] [d)l' (pM]
(6, 81] - [¢), O]
(6.14-39)

is of constant rank, the number of independent solutions A is the same for all p, gq. Thus the
general solution to ( 6.14-36 ) can be written as
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A
u™ ~ ym 4 Z @y =1, M

a=1

(6.14-40)

6.14.6 Irreducible and Reducible Cases

If the equations {q,’)j = 0|j =1,.. ,]} are not independent, one says that the constraints are
reducible. The system is irreducible when the constraints are independent. However the
separation of constraints into dependent and independent ones might be difficult to
perform. It also may disturb invariance properties under some important symmetry. In
some cases it may be impossible to separate irreducible from irreducible contexts.

Reducible cases arise for example when the dynamical coordinates include p-form gauge
fields.

Any irreducible set of constraints can always be replaced by a reducible set by introducing
constraints ??? of the ones already at hand. The formalism should be invariant under such
replacements.

6.14.7 Total Hamiltonian
We now discuss details of the dynamic equation ( 6.14-25)

A
F~|FH + z v(“)%]
a=1
(6.14-41)
where from ( 6.14-40 )
M
H =H+ Z U™,
m=1
and
M
d)a - Z Vd(m)(pm' a = 1!"'IA
m=1
(6.14-42)

This is the result of theorem 3 (see below).

Theorem 3.
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(6.14-43)

(6.14-44)

Proof.

m=1 i

So

M M
<m>¢m] = D UMIE gl = Y [FU™]g
m=1 m=1

(6.14-45)

and from ( 6.14-34 ) in ( 6.14-45), ( 6.14-43 ) follows. By a similar process we show (
6.14-44 ). We now prove the validity of ( 6.14-41).

Theorem 4. Let F(q, p) be a regular function, then F(p, q) propagates in time according to
the approximate equation ( 6.14-41).

Proof. From ( 6.14-25),

dF

M
—=[FH+ Z wmF, ¢, .

(6.14-46)
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From ( 6.14-40 ) into ( 6.14-46 ) we obtain,

m=1 a=1
or
dF M M A
TR IEHE Y U g0+ Y Y v OV E, g,
m=1 m=1a=1
(6.14-47)
Thus from ( 6.14-43 ) and ( 6.14-44 ) of theorem 3, we get
M A M
= ~ [F.H]+ z [F,um™g,.]+ z v@ |F, Z Va(m)¢>m]
m=1 a=1 m=1
A M
~|F,H+ Z ume, + z p(@ z V™ o
a=1 m=1
A
zFH'+ZU(m)¢ +Zv ]
=1
(6.14-48)
with
M
H =H+ Z u™e
m=1
(6.14-49)
M
bo = Z Va(m)d)m
m=1
(6.14-50)
Now define
A
=H + Z v(“)q,’)
a=1
(6.14-51)

So we obtain
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- ¥ = [F'HT]

(6.14-52)

6.14.8 First and Second Class Functions

The distinction between primary and secondary constraints is of little importance. We now
consider a fundamental classification. It depends on the concept of first class and second
class functions.

Definition 1. A function F(q, p) is said to be first class if its Poisson bracket with every
constraint vanishes weakly, [F, gbj] ~ 0,j =1,..,J]. Afunction of the canonical variables

that is not first class is called second class. Thus F is second class if [F, ¢, ] # 0 for at least
onek,k=1,..,M.

Theorem 5. If F and G are first class functions, then their Poisson bracket is also a first
class function.

Proof: By Hypothesis,

M
[F, ¢j] = z fj(k)¢k
k=1
(6.14-53)
M
(6,61 =) 96,
=1
(6.14-54)

Applying the Jacobi identity, we get

|[F.Gle;] = [F [G 1] - 6. [F. /]|
if%k]
oF 2 F 9 <
B Z{aq(” op; Zg(l) a_maqu)zgf-l)d)z}
M

M
aG o0 a¢G o0
_ _ €3] (k)
Z{aqwapn;ff Pk~ 3pn g 9q™ £ f d”‘}
n =

Do, | -
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® M ®
09) 4 4+ 020 _OFN109) ) 9B
op 'Y op opia(ag® T Y aq®

q
M (k) (k)
_Z G of; ¢>k+f-(")a¢k _acz of; P Iy
0q™ & ( Opy 7 0pn) Opniz (0™ 7 0q™

% 0 0

:Z (l)z oF ag] _O_Fag] +g([)Z{0F 6(1)1 _G_F%}
'Li|ag® ap;  ap;aq@| " YT Lilag®aq®  ap; ap;
l l

Z ac of  ac of™ N (k)z{ G a¢, G acpk}

P 2 \oq® apn  apnaq®| i dq™ dp,  dp, dq™
n n

M

k
= > {&]r.gP]+ g 1F g1} - 2 (o6, 1] + 1216, 9}

_ i[F g](l)]dh z f(k) ¢ N z {2 g](z)fl(l )}dw _ Z {Z f(k)gk,}(pk,
1=1 '=1 1
=0

We now use theorem 5 to show the following.

Theorem 6. H' defined by ( 6.14-49 ) and ¢, defined by ( 6.14-50 ) are first class
functions.

Proof: This follows directly from ( 6.14-36 ) and ( 6.14-38).

We learn from theorem 6 that the total Hamiltonian defined by ( 6.14-51 ) is the sum of the
first class Hamiltonian H' and the first class primary constraints ¢, multiplied by arbitrary
coefficients.

6.14.9 First Class Constraints as Generators of Gauge Transformations
Gauge transformations are transformations that do not change the physical state.

The presence of arbitrary functions of time v(®, @ = 1, ..., 4 in the total Hamiltonian, H;
(see (6.14-51)) imply that not all the g’s and p’s are observable given a set of g’s and p’s
where the state of the physical system is uniquely determined. However the converse is
not true: there is more than one set of values of the canonical variables that defines a state.
To illustrate this, we see that if we give an initial set of values of physical state at time t, we
expect the equations of motion to fully determine the state at other times. Thus any
ambiguity in the value of the canonical variables at t, # t; should be irrelevant from the
physical point of view.
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6.15 A Derivation Example
We propose here an alternate formulation of Dirac’s formalism.

6.15.1 Primary Constraints

Recall that the momenta, canonically conjugate to the generalized “coordinates” ¢, j =
1, ..., N is given by

dL(q,q) .
pj—W, ]—1,...,N.
(E-1)

For non-singular systems the equations in allows us to express ¢, j = 1, ..., N in terms of
the canonical variables,

q(l) = ﬁ(qlp)l l = 1' IN

(E--2)
By performing a Legendre transformation
N
H.(p,q) = z pif(@,0) +L(q, f (2, )
i=1
We obtain the Hamiltonian of the system H.. And from this function we obtain the
standard equations of motion of the system.
. _0H,
: dH,
p=-
dq
(E-3)
For (E -- 2 ) to be well-defined we need to have the Hessian W of satisfy
detW # 0
(E--4)

In this case the accelerations § are uniquely determined by the ¢/’ and ¢®.

When det W # 0, the Hamiltonian equations of motion do not take the standard form, and
we speak of a singular Lagrangian. For illustration purposes, consider a Lagrangian of the
form

Veritone Corporation



62

N N N
1 N .
L@d =5 ). ) Wy@i®a? + > ni(@)d® - V(o)
i=1

i=1j=1
(E--5)

with W a symmetric matrix. From ( E -- 1), the canonical momentum for ( E -- 5) is given
by

N
1 .
pi = EZ Wi (P +ni(q), i=1,..,n
=1
(E-6)

If W is singular of rank Ry, then it possesses N — Ry, eigenvectors with corresponding zero

eigenvalues. Then for eigenvectors vj(“)

N
Z Wij(q)vj(a)(Q) =0, a=1,..,N—Ry
j=1

So pre-multiplying (E -- 6 ) by vj(“) and summing over i we get

PRAHOLEDY IZ(vf‘” @Wy@dP) +v( @)
i=1 i=1|j=1

=N v @m@), a=1..,8 Ry
i=1

So

N
D @@ m@) =0, a=1,..,N =Ry,
i=1

(E-7)

Let{p,}, @ = 1,...,N — Ry, denote the linearly dependent elements of p. Let{p,}, a =
1, ..., R, be the momenta satisfying ( E -- 1 ). Then the constraint equations are of the form

N-Ry

> Mag@pp — Fo(a, (pa) =0, @ =1,..,N =Ry
B=1

(E--8)
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Ma/i’ (@) = véa)

and

N Ry
F,(q.{pp}) = Z v (@n:(q) + Z v ()
i=1 b=1

(E-9)
The matrix {Maﬁ} is necessarily invertible because otherwise M would possess
eigenvectors with zero eigenvalues, implying existence of additional constraints.
Note that ( E -- 8 ) can be written as
Pa = 9a(@,{Pa}) =0, a=1,..,N—Ry
with
N—Ry
9a(@ ) = D MFs(, (pa)
B=1

(E--10)

with dim{p,} = Ry,. So we can define,
$a(q,P) = Pa = 9o(@,{Pa}) =0, a=1,..,N =Ry
(E--11)

In Dirac’s terminology, constraints of the form of ( E -- 11 ) are referred to as primary
constraints. Although the derivation above is based on a Lagrangian, quadratic in the
velocity termes, it is generally valid for Lagrangians which depend on g and ¢ but not on
higher derivatives.

Note: Primary constraints follow exclusively from the definition of canonical momenta.

The derivation above is valid for general Lagrangians and their Hessian. Let’s assume
{Wl-j (9, )} is the Hessian of a given Lagrangian L. Let {W,,la,b = 1, ..., Ry} be the largest
sub-matrix of {Wi j} with suitable rearrangement if necessary. We then solve ( E -- 1) for
Ry, velocities ¢!® in terms of {q(i)|i =1, ...,n}, {pala=1,..,Ry}and

{q(“)|a =1,..,N— RW}. That is

q@ = f,(q,{ps}, {4}

(E-12)
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witha,b=1,..,Ryandf =Ry +1,...,N.

Inserting these relations into ( E -- 1 ), we get relations of the form

pj = hj (ql {pa}' {q(a)})

(E--13)
witha,j =1, ...,Ryanda = Ry, + 1, ..., N. This relation reduces to an identity by
construction. The remaining equations are of the form

a = hg (q' {pa}r {q(ﬁ)})
(E--14)

with @ = 1,...,N — Ry,. However, the right hand side cannot depend on {G} since
otherwise we could express more velocities in terms of the momenta of the coordinates of
the momenta and the remaining velocities.

6.16 Hamiltonian Equations of Motion for Constrained Systems
Theorem 6.16.1. In the space I, define by I, = {¢,(p, @)|la = 1, ..., N — Ry} where ¢, is

defined as ( E -- 11 ). The Hamiltonian is only a function of {q(i) |L' =1,.., N} and momenta
{pala =1, ..., Ry} and does not depend on {q(“)|a =1,..,N— RW}
Proof. On [}, the Hamiltonian is given by

N—Ry

= Helr, = Zpafa Z 924 = L(a.,{f:},{4P})

(E-15)

where f,,a=1,..,N — Ry isgivenby (E--12)and g,, @« = 1, ..., Ry, is given by (E -- 10 ).
We want to show that H, does not depend on ¢%¥, 8 = 1, ..., N — R,,. We compute

Ry
z p afa aL i_a_l‘
aq(m FrION azlaq@ q@=5, 04P  9qP @w_
Z( oL ) of, oL
=2 \Pe" 5@ 1@ 9B T 55 ®
e aq a g@=r, aC[ aC[ ¢ W=,

(E--16)

Since by definition
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And from (E--11)

_ oL
So
ﬂ—o, B=1,.,N—Ry
9g®

(E--17)

and therefore

H,(q,{pa},{4““}) = H, (g, {pa}).

Theorem 6.16.2. In the presence of primary constraints ( E -- 11 ), the Hamilton equations
of motion are given by

N
~ OH d¢
() = 20 5 (B) T8 =
g’ = +Zq , i=1,..,N
ap; = ap;
n
0H, do
) = — BB
b = (l)+zq o’ i=1,..,N
0¥ £~ 0Oq
da(p,q) =0, a=1,..,N—Ry
(E--18)
where ¢® are a priori underdetermined velocities.
Proof: From ( E -- 15 ) we obtain and the application of Theorem 6.16.1
oH < of, < AL of,
b 9p . b
d O=fa+zpba n L q® s
Pa e Pa = Pa =09 Pa
< oL \of, ~ 0
= g@ 4 Z Py, — fo 98 B
& 9¢®) ) opa 0pa
N—-Ry
g
— ¢@ 4 Z : £ 4®)
= Pa
(E--19)
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witha =1, ...,n — Ry,. Further

N—-Ry

Rw
Z o , z , 095 oL oL | of,
q(o Pb3q® q(l) 3q®|. 34, 3q®

da=fa  b=1 av=/p
N—-Rwy
oL of, 095 oL
=Z P~ 34® SO aq(‘)+ 2 g aq(‘)_aq(‘)
b=1 B=1

N-Ry

_ Z g 298 _ aL_

q(a) =fa

B:l q(a)=fa
N—-Rw
z 6g/g d < oL
= i S S~ 7\ 350
= 6q dt\dq i@,
(E--20)
from (add reference).
N—-Rw
_ 2 g 995
(E--21)
From (E--19)and (E -- 20 ) we get:
0H, 0
98 .
§@ = 2= P ¢®, a=1,.,Ry
pa B=1 pa
0H, '~ 0
. . 9p .
= — o B 22 =
bi = o T Z q o L=L..N
aq =
(E--22)
Ho — 0 and Ziﬁ = 6, we can supplement these equations with
0H, 0
. 9p .
(@ = 9% __ ® = —
q = q a=1,..,N—R
Pa OPa v
p=1
(E--23)

So we can write
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—Ry a
q(i) — 0H, 9 q(ﬁ) ) i=1,..,N
api B=1 apl
oH, '~ 0
__ 9% _ ® 298
pl (l) Z (l) ) l 1, ) N
dq = 0q
(E--24)
For consistency with ( E -- 11 ) we should write
q(a) dt ga(q; {pa}) a= 11 ey N — RW
(E--25)

where p,, is given by the right hand side of ( E -- 22).

6.16.1 Streamlining the Hamiltonian equation of motion (EOM)
Definition 6.16-1. A function f is weakly equal to g denoted by f = g, if f and g are equal
on the subspace defined by the primary constraints,

bp = 0Whenf|rp = 9|rp
and

fla,p) = g(q,p) & f(q,p) = g(q,p) when {¢,(q,p) = 0}

Theorem 6.16.3. Assume f, g are defined over the entire space spanned by {q(i)}, {p:}.
Then if

f(a.plr, =9I,
(E--26)

Then

d
qm Z% =340 Z"’ﬁ ovs

and

aipi f—;@;:p Zd)ﬁapﬁ
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(E--27)
fori=1,..N.

Proof: Consider the two functions f(q, {pa}, {pﬁ}) and h(q, {pa}, {pﬁ}). Using (E -- 11 ) and
from the hypothesis of the theorem,

f(@, {1 {943 = h(q,{pa} {9a})

(E--28)
Thus is follows
af N df 0pq Z af dgg\ [ Oh N oh 9pq Z oh g
aq® 0p, 0qW dpp dq® “\ag® 0pa 9qD dpg gD
a a
p P
(E-29)
and
of df 0pa of 0gp oh dh dp, oh dgg
op; el 0p, Ip; 7 apﬁ op; ap; e 0p, Op; > apB op;
Tp Tg
(E--30)

Note since ¢¢(q, ) = Pa — 9a(q, {pa}), we have

9g® ~  9q®
and

095 _ _0¢p(a,p)

op; op;
and

d0¢p,(q,p) =0
fora =1,..,N — Ry. We have
Z of 0dg _ Z dh aq.’)ﬁ
Iy I'p

which can be written as
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0
aqm Z‘f’ﬁ FrO) Z‘Pﬂapﬁ

2
since ¢pg 9 f/@pé = 0 because ¢ = 0. Similarly,

apl Z % 50, ap = o, 2 % 5p, 0p3

2

Corrolary 6.16-1.

g0 =92, 2 298
0191 ap;

p = — 00 _ z ,® 9%
t aq(l) z aq(l)

fori=1,..,N.

Proof. We consider two Hamiltonians H({q"},{p;}) and H,({q®}, {p.}). Define
H({q®},{p;}) as follows

H({q"}, {p:}) = H,({a}. {pad)-

Then using the result of Theorem 6.16.1, from (E -- 29 ) with f = Hand h = H,,

N—Rwy
oH,
aq® aq(l) Z ¢B apﬁ
N-Ry
J0H, Z "
ap; apl ﬁ

Using (E--31)and (E--32)in (E-- 24 ), we get
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or

and

Define

So (E -- 33 ) becomes
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4@ & 2
op;

. OHr

pi 6q(i)

(E-

(E-
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6.17 Constrained Hamiltonian Systems
Local symmetries on a Lagrangian based model. Consider

gV — qP(®) + 8¢V ®)
q? — ¢O® +8¢9®)
withi = 1, ..., N. The action of the system is given by
$@a) = | La.ade
where g and g are n-dimensional column vectors. The action differential
6S = fL(q +38q,q + 6q)dt — f L(q,q)dt

— [ 1a+ 6.4+ 6pde - [ La, e
f[Za @ q(”Za <l>6q@]dt
d oL 5O
‘fZ[anm aq m] et
l
=Y dt ) E(q,4,4) 8¢
i

where we define the Euler-Lagrange differential operator

d 0L oL

(0) N _
Ei (q; q, q) - dt 6q(‘) 6q(‘)

Note that

N
f > EP(q,4,)6q0dt = 0
i=1

(6.17-1)

on shell. Expanding E{*

E(o)(q CI q) _ Z [02 (q q) aZL(q’ q) (l)l _ 6L(q, q)

aq(z)aqo) 3G0aq0 1 aq®
‘L@, q) .y 0L(g,q)

o) g® —
ZWl,(q, 4§ +Za 10ag0 ¢ 2q0
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= > Wy(q. i +ki(g, @
J

If L is singular, Wy is not invertible so ( 6.17-1 ) cannot be solved for g;, i = 1, ..., N. If
Rank(W(q, c'[)) = Ry, on shell, then there exist N — Ry, in the theory. There exist N — Ry,

independent left (or right) zero mode eigenvectors Wl.(o'k), i=1,..,N— Ry such that
D w0 OWy@, D =0, k=1,..,N=Ry
i

(6.17-2)

Thus

N
$0I) — z w (g, DE (g, 4, )
i=1

depend on g and ¢ only. The ¢ also vanish on shell:
$©¥(q,¢q) =0, k=1,..,N—Ry

The set {gb(o’k) |k =1,..,N— RW} are the zero generation constraints. It is possible that not
all the {gb(o’k)} are linearly independent. So we may find linear combinations of the zero
mode eigenvectors

p{omo) = Z c(0) (o)
k

such that we have
GOmo) = ylomg =0, n,, ... N,
(6.17-3)
These are called gauge identities.

Any variation 6q;, i =1,..., N, of the form

Sqi = Z Snovi(O'nO)

No

[s action invariant by ( 6.17-1). Given this definition of §q; and ( 6.17-3 ), we conclude
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N
5S = f dtz Ei(O) (q' q’ q) z gno (t)vi(o,no)
i=1 No
N
- f dtz En, Z E(,,9)v°"™ (4,9)
i=1 No

N

= f dtz gnoG(O'no)
i=1

=0

everywhere. The remaining zero generating modes which we denote by u(®") lead to
genuine constraints. They are of the form ¢ (™) (g, ) = 0 on shell, where

¢0m0) = y(omo) plo),
(6.17-4)

The algorithm now proceeds as follows. We separate the gauge identities ( 6.17-3 ) from
the nontrivial constraints ( 6.17-4 ) and will list them separately. They will be used for
determining local symmetry transformations.

Next we want to search for additional constraints. We do this by searching for further
functions of the coordinates and velocities which vanish in the space of physical
trajectories. To this effect consider the following N + N, vector constructed from E© and
the time derivative of the constraints ( 6.17-4 )

E ()
d
) % (u(o.l)E(o)) E(0)
[ED] = _ =d
: — @
d ( (o )E(O)) at
—lu to
Ldt |

(6.17-5)

by construction. The constraint ¢ is valid for all time and therefore % $© = 0 on shell,

but

d¢(0,i)
dt

= vq(u(o,i)E(O))q' + Vq(u(o,i)E(O))q

(6.17-6)

Veritone Corporation



74

So
n
[E] = > W@ 0a® + kP @ d)
j=1
wherei; =1,...,N + N,, and
w (@
va(ulod glo)
] - | P95
[Vq(um,zvo) E(o))J
k()

0 . .
e
L .

[kl'l ] =l

o »
Z 50 (NI E@) gD
L i

(6.17-7)

We next look for the zero modes of W, By construction, these zero modes include the o
modes of the previous level. The gauge identities at level 1 are.

No
D — ;g1 _ z MG (yondE@) = 0
ne=1
(6.17-8)
where n; = 1, ..., N; and the genuine constraints are of the form
pm) = pUndEL =
(6.17-9)

withn; = 1, ..., N; on shell.

We next adjoin the new identities ( 6.17-8 ) to the ones determined earlier ( 6.17-3 ) with
the remaining constraints ( 6.17-9 ) we proceed as before, adjoining their time derivatives

to ( 6.17-5) and construct WLS) and ki(ll).
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The iterative process will terminate at some level M if either i) there is not further zero
modes, or ii) the new constraints can be expressed as linear combinations of previous
constraints.

6.17.1The maximal set of linearly independent gauge identities generated by the algorithm
Note that the algorithm steps are of the form

G(O'no) ol u(OJnO)E(O) = O

(6.17-10)
1-1 Ny

Gan) = D g _ z z M) (W)

Tllnll
1'=0 n;r=0

(6.17-11)

with L =1, ..., N;. The M(l’l ) are only functions of ¢ and q. And

nlnlr

¢(l,nl) — u(l:nl)E(l)' nl = 1, ...,Nl,
(6.17-12)

r g
d(,b(")
O = dt

d(,‘b(.l_l)
L dt

(6.17-13)

where ¢® is a column vector with N, components ¢ “™. Thus we conclude from ( 6.17-13
) and ( 6.17-11 ) that the general form of the gauge identity given by ( 6.17-11 ) is of the
form

0

Ny M 1 qm
nyY — (Lmy) (o)
=YY o A g

i=11l=1m=1

(6.17-14)

where gr(rll‘iml) (q,9) and N; < M. From ( 6.17-14 ) it also follows that

M l
Z Z ) cUm) =

1=1n;=1
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(6.17-15)
This identity can also be written as
Z 5qVEY — —F
where
M N
=1 n;=1m=q
(6.17-16)
and F is a complicated function of g and §. By collecting indices [, n; together
M N
Z > Z COLPHERIG
=1 n;=1m=q
6.17.2 Example of constrained Hamiltonian system in Lagrangian form
Let
L(g,q) = lqz(l) +gWg® 4 1 (g — g@)?
’ 2 2
(6.17-17)
d 0 L
£ — dt aq(1) aq(l) _ q‘(l) + Zq(Z) — q(l)
d 0 oL q® —¢@
dt9g® 9q®@
(6.17-18)
!
W=,
(6.17-19)
—q® — @ 4 ¢
(6.17-20)

The only o mode is

u® =[0,1]
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Then
E@ =w©@g 4 (@
[1 0] lq(l)l I q(z) _ q(l) + q(z) l
0 0 q(z) q(l) _ q(2) + q(l)
Then

1 (2 1 2
WOE@ = [0 1] [1 o][ Ul lq<)_q<)+q()l
0 0l15®@ q(l) _ q(z) + q(1)
= _q(l) _ q(z) + q(l)
=0
(6.17-21)

on shell. Then there are no gauge identities for E(®). Now construct E(,

4@ — ) 4 ¢@

E(0)

—y@p@| =

E@D — [
dt

_q'(l) _ q(Z) + q(l)
which can be written

E® — W(Dq' 4@
§@ — g 4 4@

(1) '
[ 2 + _q(l) _ q(2) + q(l)
1 0 _q(Z) + q(l)

There zero modes of W are

[0 1 0]
W(l){[l 0 1]

The first zero mode is the previous one augmented by one dimension and reproduces the
previous constraint. The second mode reproduces the negative of the constraint ( 6.17-21
). Thatis,

yOED = _y (0 p©)

withv® =[1 0 1]. Thisleads to the gauge identity

GV = W@ 4 ,)E) =
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6.18 Companionship: Reconciling agents in the network.
The outline of the companionship process is as follows for a system of N agents.

1. Determine the state action space of the system for N — 1 agents to create a Tellegen
decision element.

2. Update the remaining agent with the Tellegen DE so that the ?? is minimized.

3. Repeat process so that all N agents are updated with respect to their Tellegen DEs.

Local DE: Tellegen DE:
Local Decision Space State Action Space
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7 Limitations

7.1 Response time
TBD
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8 Architectural flow

This section show diagrams of various key aspects of the architecture.

8.1 Deployment Architecture
In a separate document

8.1.1 General description of architecture
In a separate document

8.1.1.1 Points of scalability
Points of scalability are the architectural aspects of the system that are required to scale.
These include:

e The number of DE’s that can contribute to query resolution.
e The number of variables that can contribute the query resolution.
e The number of rules that can contribute to query resolution.

8.1.1.2 Single points of failure
TBD

8.2 High-level Flows

8.2.1 The Distributed Architecture (DA)
Show flows for the main things that happen in the DA.:

8.2.1.1 Flow for query resolution.
The following diagram provides an overview of query resolution for a particular decision
element.
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Select active rules of Use inverse
Internal the system including Convert active rules N N " N variational method
) . Create static Construct equations Construct differential
heterogeneous all absolute and hard —» toeq via > P ——— of mot‘:on > equations of Hemholtz to
database (IHDB) and soft rules continualization grang d compute total
according to query Lagrangian
A A T
Eliminate gauge Gauges Search for gauges in Determine rank of
Inference controller related rules from €—Yes & 8 g <€ Hessian for dynamic
. found? total Lagrangian N
active rule set Lagrangian
No
v

Sensor data
Inference rules
Equation rules
Optimizer rules

Search rules
Adaptation rules

Pattern rules

Network rules

Hybridization rules

Fig. 8.2-1

Submit

query
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/ Generate
Goal

Correction potential

Adaptation
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Compute Error
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v
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v
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Veritone Corporation

Solve for query by
determining the
optimal trajectory
through the phase
space




82

e User submits query.

e System used KB to establish equations of motion for system in Lagrangian or
Hamiltonian form.

e System determines optimal trajectory via optimization algorithm of the equations of
motion that conform to the principle of least action.

e System returns solution which is a point in the phase space and also serves as an
answer to the query.

CDI API o .| Broadcast Query to
Query DE Team HESHOLETTOT Network

»  Wait for response

Return Query

response
8.2.1.2 Flow for updating DE’s with new external repositories.
CDI API . Update DE LER with Return Update
Update DE LER g ST (IS 215 > new EKB > Response

8.2.1.3 Flow for updating DE’s with new sensor data.
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CDI API . .
. Submit Request to DE Index Appropriate
Updgt:nzfr "I;';TaNew > (or DE Team) EKB in LER
8.2.1.4 Flow for updating DE’s with new rules.
CDI API . .
) Submit Request to DE Validate rule
Cpcas E{EIZ\"th e " (or DE Team) correctness

.| Translate Data Using

Translation Grammar

Update IHDB with
Translated Data

Return Update
Tesponse

8.2.2 The Internal Heterogeneous Database (IHDB)
Show flows for the main things that happen with the IHDB:

e Flow for adding new rule to the IHDB.

¢ Flow for updating an existing rule to the IHDB.

e Flow for deleting rule from the IHDB.

e Flow for consistency check for the IHDB.
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8.2.3 The Rule Entry Interface (REI)
Show flows for the main things that happen with the REI:

e Flow for submitting rule to the REI. This should include a validity check and error
handling.

8.2.4 The Rule Editor (RE)
Show flows for the main things that happen with the RE:

e Flow for creating rule within the RE including variable selection, syntax checking,
and test evaluation.

8.2.5 The External Knowledge Base (EKB)
Show flows that happen with the EKB:

¢ Flow for updating the EKB schema.

e Flow for updating the EKB with new sensor data. This may include some
synchronization if there are to be multiple EKB's.

e Flow for notifying DE’s that new sensor data is available.

8.2.6 The Sensor Ingestion Interface (Sl)
Show flows that happen with the SII:

¢ Flow for adding a new sensor to the network.
e Flow for polling a sensor.

e Flow for submitting data to the network.

e Flow for deleting a sensor from the network.

8.2.7 The Rule Conversion Engine (RCE)
Show flows that happen with the RCE:

e Flow for identifying rule sets.
e Flow for compiling rule sets into equational form.

8.2.8 The Decision Element (DE)
Show flows that happen with the DE:

e Flow for updating the LER.

e Flow for submitting a query to the DE.

e Flow for returning response to a query from the DE.
¢ Flow for operating the programmable search engine.
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8.2.9 The Query Language Interface (QLI)
Show flows that happen with the DE:

e Flow for formulating a query and submitting to the DA.
e Flow for receiving a response to a query from the DA.

8.2.10 The Minimization Function Generator (MFQG)
Show flows that happen with the MFG:

e Flow for formulating translating a query to a minimization function.

8.2.11 The Query Response Engine (QRE)
Show flows that happen with the QRE:

¢ Flow for finding minimum of the minimization function.

8.2.12 The Pareto Multi-Criteria Optimization Engine (PMOE)
Show flows that happen with the QRE:

e Flow for companionship.

8.3 Complex Use Cases
These are flows for use cases that utilize the various aspects of the architecture:

¢ Commitment planning

e Nonlinear feedback system

e Distributed sensor network with local and aggregate prediction for weather based
attributes
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9 Software realization of the architecture

This section describes key software packages and their corresponding roles in the
architecture. An example would be to define Lucene and discuss its role in indexing and
search. The purpose is to provide clarity around what software we are using and what it
does to support the architecture.

9.1 Production
9.1.1 Language requirements

9.1.1.1 Java
All production code will typically use Java for implementation. Cases when other languages
are used are when existing libraries are required for operation based on other languages.

9.1.2 Persistence requirements

9.1.3 Messaging and request queuing requirements
9.1.4 Mathematical algorithm requirements

9.1.5 APIrequirements

9.1.6 Agent related requirements

9.2 Tools

9.2.1 Eclipse IDE for Java
Eclipse is a multi-language software development environment comprising an integrated
development environment (IDE) and an extensible plug-in system. [Wikipedia]

Eclipse is the default Java development environment for Veritone.

9.2.2 Prolog
Prolog is used for system prototyping.

9.2.3 Python
In a separate document
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10 Data exchange protocols

The system will have needs around the exchange of data in and out of the system and
among the various subcomponents. For example, SOAP defines an interface for web
services. Thrift and Avro are lighter weight data exchange protocols that enable more
rapid development cycles and may be appropriate for subcomponents that are tightly
coupled.

What is the default case?

The default communication protocol for our components should be lightweight, fast, easy
to debug and easy to develop; a good choice is to develop component APIs using Jersey and
hosting them in Tomcat.

10.1 Veritone API
REST HTTP (GET, POST, PUT, DELETE)

11 Environment

11.1 Development Environment
Defines the development configuration environment. (Needs to be updated.)

Component Version Notes
Linux
Python 1.6.0_23 (i.e.Java 6

Update 23)

11.2 Deployment Environment
Defines the deployment configuration environment.

Component Version Notes
Linux 7
Python 1.6.0_23 (i.e.Java 6

Update 23)

Veritone Corporation



89

11.3 Infrastructure Design
This section discusses the infrastructure design which includes the following.

e Hardware components that define a deployment.

e Types of servers and the expected provisioning for a server.

e Deployment configuration given the server types.

e Startup processes for servers.

e Sample diagram for active deployment.

e Cost analysis of various deployment configurations given environments.
e Sensor networks.
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12 Data

The software is designed to handle certain types of data. It is important to highlight key
requirements and limitations around the type of data the system is expected to process.
Additionally, the system will produce data for users of the system. This is also defined.
Frequently, there will be a standard data specification document which discusses system
requirements and expectations around data. This is summarized here.

12.1 Inputs
Inputs to the system are provided administratively through use of the API and by users
who submit queries and add preferences to their profiles.
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